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Abstract--The problem of determining sufficiently accurate trajectory approximations to great circle 
routes is solved by obtaining expressions for the conformal latitude and conformal longitude in closed 
form as functions of time. This formulation allows the time of maximum deviation between a linear 
trajectory model and the true stereographic projection to be calculated in an efficient manner using 
Newton's method. An algorithm for determining near-minimal trajectory representations for achieving 
a prescribed accuracy is described and numerical results for a typical great circle route are presented. 
1. INTRODUCTION 
The Federal Aviation Agency is presently undertaking a program to replace the existing national 
airspace system (NAS). One component of this program is the advanced automation system (AAS), 
which will introduce significant improvements in hardware and software and will form the 
framework for refinements in automated, i.e., computer-assisted, problem identification and 
resolution. 
An important improvement over the existing NAS system which AAS will provide is the 
capability to predict an aircraft's position, a prerequisite for the so-called probe functions which 
will determine whether or not conflicts with other aircraft or with restricted regions of airspace, 
for example, will occur. Depending on whether the data upon which the prediction is based are 
derived from actual measurements (i.e., radar returns) or from pilot intent in the form of flight 
plans, the probes and associated predictions are designated as tactical and strategic, respectively. 
Central to this predictive capability to be provided by the AAS trajectory generator (or model) 
is the requirement to satisfy stringent accuracy specifications. The accuracy of the trajectory 
estimates i usually determined by measuring the positional deviation between the estimate and the 
true position at identical moments in time. The basic approach used to achieve this accuracy is 
to approximate the true path by a sequence of straight line segments. For a sufficiently large 
number of such segments any prescribed egree of accuracy may be obtained. 
The question naturally arises as to whether some minimal number of segments will suffice to 
achieve the same accuracy obtained by selection of an arbitrarily large number of segments. Put 
another way, what is the smallest number of segments which will achieve a maximum deviation 
less than a prescribed tolerance? This question has immediate consequences for the AAS trajectory 
model design since it implies a direct relationship between trajectory accuracy and the size of the 
data base necessary to achieve this accuracy. If minimal trajectory representations can be 
guaranteed, then sizing estimates for the data base may be calculated. The purpose of this paper 
is to present a method for generating near-minimal trajectory representations for the important 
case when the true path lies along a great circle route. Although certain aspects of this problem 
have been treated previously (see, for example, Ret'. [1]), renewed interest as evidenced by the AAS 
program may justify their reconsideration aspresented here. 
2. ASSUMPTIONS AND DEFINITIONS 
Two-dimensional representation f flight paths in the current NAS system and in the AAS is 
accomplished by stereographic projection. This representation consists of four aspects as described 
in Ref. [2]: 
1. Description of the surface of the earth as an ellipsoid, generated by rotating an 
ellipse about its minor axis. 
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2. Mapping of the surface of the ellipsoid onto the surface of a sphere with the 
requirement that the mapping be conformal, i.e., angle-preserving. 
3. Stereographic projection of the surface of the conformal sphere onto a plane 
tangent o the sphere. 
4. Mapping points of airspace, defined by radar measurement (range and azimuth), 
onto this tangent plane. 
With the exception of the last item, generation of a trajectory based on flight plan data relies 
essentially on steps (2) and (3), the existence of an ellipsoidal earth model being assumed. It is this 
aspect of the trajectory generation process which is considered below. That is, given flight plan data, 
the problem to be addressed consists of defining the (algorithmic) steps involved in producing a 
sufficiently accurate two-dimensional representation of the trajectory. Specifically, the following 
mapping is considered: 
(x,, y~) = T(O, ~9), (1) 
where (0, ~b) denotes the longitude and latitude measured on the conformal sphere, and (x,, ys) 
the stereographic projection to a tangent plane. The mapping T is given in Ref. [2] as 
2Re(sin A0 cos ~b) (2) 
x, - 1 + sin ~b sin ~b0 + cos ~ cos ~b0 cos A0 
and 
2Re(sin ~ cos ~b0 - cos ~b sin ~b0 cos A0) (3) 
Y~ = 1 + sin ~b sin q~0 + cos ~b cos ok0 cos A0 ' 
where A0 = 0 -- 00 if longitude is measured positive east of the time meridian, the convention used 
in the present analysis. Here (00, ~b0) are the conformal longitude and latitude of the point at which 
the stereographic plane is tangent o the surface of the conformal sphere, and R~ is the radius of 
the conformal sphere. 
3. STATEMENT OF PROBLEM 
Given a flight plan, the task of the trajectory generator (or model) is to determine coordinates 
[x(t), y(/)] such that 
F* = max F( t )  (4a) 
l 
= max [(x(t) - xs(t)) 2 ~- (y( t )  - ys(t))2] 1/2 (4b) 
t 
< p, (4¢) 
where t E [ta, tb] and p is a measure of the accuracy of the model. The trajectory representation, 
S(n), consists of a sequence of segments S(n)= {(Xk, Vk, lk), k = 1 . . . . .  n} Xk, V k (~ R ~, where Vk 
is the constant velocity for t E [tk, tk + 1 ], such that the trajectory position at time t is calculated by 
linear interpolation 
X( t )  = Xk + (t -- tk) Vk. (5) 
The problem as formulated in equations (4) presupposes that the stereographic co-ordinates x, and 
y, may be represented as functions of time. In particular, it assumes that functions 
xs(t) = xs[O(t), ~b(t)], (6) 
ys(t) = y,[O(t), ~b(t)], (:/) 
exist or can be determined. In the following section it will be shown that this is indeed the case 
for great circle arcs on the conformal sphere. It is this assumption which allows equations (6) and 
(7) to be represented analytically and forms the central underpinning of the analysis presented here. 
The general problem may now be reformulated as a sequence of separate problems: 
1. Determine analytic expressions for O(t) and ~b(t). 
2. Solve equation (4b) for F( t* ) .  
3. Determine the (minimal) representation S(n) such that equation (4c) is satisfied. 
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4. SOLUTION OF THE CONFORMAL LATITUDE AND 
LONGITUDE AS FUNCTIONS OF TIME 
4.1. Derivation of equations 
Assuming that the velocity of the aircraft is constant along each great circle arc, the conformal 
surface velocity is obtained as follows: the Euclidean representation of a point X = (x, y, z) in 
spherical coordinates is 
f i = R~ cos ~b cos 0 (8a) 
X(O, c~) = Rc cos ~b sin 0 (8b) 
Rc sin ~, (8c) 
where 
101~<n, 14,1 ~< 7c/2. (8d) 
From this the velocity in terms of the spherical coordinates 0 and ~b is obtained 
v 2 = (xt) 2 + (yt) 2 + (z,) 2 
= R~tcos2~b 0~ + ~,21, (9) 
where the subscript denotes the derivative with respect o time. In order to solve equations (9), 
a second relationship between ~b and 0 must be established. This second relationship is obtained 
from the condition that the flight path lie along a great circle arc C. Let (0o, ~a) and (0b, ~bb) be 
the end points through which the arc C passes. Let 
H = (hi, h2, 1) (10) 
be the normal of a plane containing the origin and passing through the point X(O, ~b): 
(n, X) = 0, (11) 
where (,) denotes the inner product. After substitution, equation (11) may be written as 
hi cos 0 + h2 sin 0 = - tan ~b. (12) 
The plane containing the points Xa and Xb therefore satisfies 
(H, Xo) = 0 (13a) 
(n, xb) =0, (13b) 
which after similar substitution may be solved for the normal components 
sin 0~ tan tkb - sin 0~ tan ~b~ 
hi = (14a) 
sin (0b - 0=) 
cos 0b tan ~b= - cos Oa tan ~bb 
h2 = (14b) 
sin(0b - Oa) 
By differentiating equation (12), a second relationship for the time derivatives of ~b and 0 is obtained 
(0,) 2 (hn sin 0 - h2 cos  0)  2 : ({~t) 2sec 4 ~.  (15) 
Letting vc = v/Rc and substituting equation (9), equation (15) takes the form 
(Or) 2 [(hi sin 0 - h2 cos 0) 2 + (1 + tan 2 ~)] = v~ sec 4 q~. (16) 
The term in brackets, after substituting equation (12), 
= [(hi sin 0 -- h2 cos 0) 2 + (hi cos 0 + h2 sin 0) 2 + l] 
=[h2+h2+ 1] 
= h 2, 
C.A.M.W.A. 15/12--D 
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SO that equation (16) simplifies to 
(0,)2 h 2 = v ~ sec 4 q~. 
Taking the square root and substituting equation (12) allows separation of variables 
0,= ___~sec 2~b 
n 
or, in integral form, 
= ----- h [1 --I- (h~ cos 0 + h 2 sin 0)2], 
[1 + (h~cos 0 + h2 sin O) z] - -+ dt. a ~/ta 
Substituting equation (18) into equation (9) yields 
q% = -+ h (h2 - see2 ~b)l/2' 
or, in integral form, 
f f  d~b f 'G  a (h2  - -  ~2¢~)1/2  = "[- dt. J,ah 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
4.2. Solution of  the conformal atitude 
The integral of equation (22) is solved as follows: 
f dq~ II (~b) = (h2 sec2q~)l/2 
__f _  sin 
J h(a 2 - sin 2 ~b)l/2 
where 
1 sin-' (~)  
h ' 
h 2 -  1 
a 2 = hE (23) 
The behavior of ~b(t) as given by equation (21) is complicated by the fact that ~b, is real only 
for I sec 4~(t)l ~< h. Equivalently, q~(t) assumes its maximum and minimum values for ~b, = 0, that 
is, for sec ~b*= h. Therefore, the sign of the right hand term in equation (22) depends on the 
relationship of q~a with respect to q~*. The value of t* at which ~b assumes its extremum is 
determined from equation (22) as 
t* c* - -  C 1 = + ta, (24)  
vc sgn(q~ * -- ~ba) 
where 
and 
ct = h i~ (~ba) = sin -~ (25) 
c* = h ll(~p*) = sin-t [ +- (h2 1)1/21 
ah 
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which, in view of equation (23), reduces to 
e* = sin-I(_+ 1)= _+~/2. 
The integral on the r.h.s, of equation (22) is therefore given by 
f,' f, 
t* "Jl- t 
+_ Vc dt = sgn(vc)vc dt sgn(vc)v~ dt 
a a 
= sgn(~b* - ~b,)vc(2t* - t - t,). 
Letting 
(26) 
(27) 
(28) v(4 ) = Vc sgn(¢*  - 4+) 
and substituting equations (24) and (26) allows equation (22) to be evaluated as 
sin ~b = a sin[cl + v(~b) (t - ta)]. (29) 
The conformal atitude is therefore 
~b(t) = sin-I[a sin(cl + v(~b) (t - ta))]. (30) 
Relation (30) expresses the fact that ~b(t) is symmetric about t*. The derivative of relation (30) 
with respect o time must reflect the fact that its sign changes as t passes through t*. Information 
regarding the proper sign is conveyed in equation (28), which for any choice of Xa and Xb 
completely determines the behavior of the conformal atitude. 
4.3. Solution of the conformal longitude 
The integral (20) is solved as follows: 
f dO 
/2(0) = [1 + (hlcos 0 + h~sin 0) 5] 
du 
= ( l+u s )+(h  l+h2u) 2' 
where 
u = tan 0. 
Combining terms and completing the square yields 
du 
(U 2 + 2au + a2) + fl _ a~, 
where 
hi h2 
a=l+h~'  
l 
The sign of the expression (fl - ~t2) determines the final result of the integral. If (fl - a 5) is negative, 
then the solution is obtained in terms of the natural logarithm. This, however, is not the case, for 
h 2 
fl --~t 2 = -  (1 + h~) 2 = a2, 
so that the integral in equation (20) is 
1 f d(u + a) 12(0) = ~ (u+oe)2+a2, 
f 1 -i [tan 0 + • =a(1 h~) dO--~tan ~, a )' 
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where the substitution 
u+a=atan@ 
was used. 
From equation (19) it is seen that O(t) is monotonically increasing or decreasing depending on 
the sign of the square root. The sign of the square root in turn depends on the values of G and 
0b. In order to accommodate he discontinuity imposed by equation (8d), the following definition 
is introduced: 
v(O) = vcsgn[(Xa x Xb, Z)], (31) 
where x denotes the cross product, (,) the inner product, and Z = (0, 0, 1) is the unit vector which 
defines positive increase in the angle 0. The r.h.s, of equation (20) therefore reduces to 
i' + vc dt = v(O) (t -- ta). (32) 
a 
Finally, substituting equation (32) into equation (20) yields 
where 
tan 0 = a tan[c2 + v(O) (t -- ta)] - ~, (33) 
c2=hI2(Oa)=tan- l (  tanOa+ct)a- " (34) 
The conformal longitude is therefore 
O(t) = tan -1 [a tan(c2 + v(O) (t - ta )  ) - -  0~]. (35) 
Regrettably, the solution as expressed in equations (34) and (35) suffers from a fundamental 
defect: both the constant c2 and the tangent in equation (35) become singular for 0 = + n/2. Since 
0 as defined in equations (8) is valid for -n  ~< 0 ~< n, this creates an unsatisfactory situation. 
Although the resulting solution (35) is, mathematically, the antiderivative of the integrand in 
equation (20), its form prohibits application if 10(t)l = n/2 for t E [t~, tb]. In order to circumvent 
this difficulty, both the constant term and the solution can be transposed to allow evaluation using 
equivalent trigonometric formulas, so that equation (35), for example, becomes 
a sin fl(t) - ~ cos f~(t) (35a) 
sin 0 = [cos2f~(t) + (a sin f~(t) - ~ cos f~(t))2] I/2' 
cos 0 = cos f~(t) 
[cos:f~(t) + (a sin f~(t) - ~ cos f~(/))2]t/2 (35b) 
where 
f~(t) = c2 + v(O) (t - ta). 
The values of equations (35a) and (35b) allow 0 to be unambiguously calculated in the range 
-n  ~< 0 ~< n. Observe that although a is assumed positive, ~ is a signed quantity which conveys 
information regarding the orientation of the plane defined by equations (13a) and (13b). 
5. SOLUTION FOR THE MAXIMUM DEVIATION 
With xs(t) and y~(t) now given from the results of the preceding section, the problem of 
determining the time t* of maximum deviation is formulated by the condition 
F,(t) = 0, (36) 
where F is defined in equation (4b). In equation (36) the linear trajectory positions x(t)  and y(t) 
as given by equation (5) yield terms in t, while the terms x,(t) and y,(t) yield expressions involving 
trigonometric functions of t. Thus, equation (36) is not solvable analytically, so that numerical 
approximation must be employed in its solution. Since F,(t) and F,(t)  are available as analytical 
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functions, however, a natural choice for numerically approximating equation (36) is Newton's 
method: 
Ft(tk) 
tk+, = tk F . ( tk)"  (37) 
Here tk and tk+l are successive iterates to the solution of equation (36), and the stopping criterion 
is given by 
Itk-- tk+~l ~<#, (38) 
where # is a measure of the required accuracy to the root t*. As will be seen below, the convergence 
of equation (37) is very rapid near the root, thereby justifying the effort in evaluating the second 
derivative Ft,(t).  A good initial estimate of the root is given by 
to = (ta + tb)/2. (39) 
The derivatives F,(t) and Err(t) are  obtained in the usual manner using the chain rule and are not 
included here. For completeness of discussion, however, the derivatives involving the conformal 
latitude and longitude are presented below. Letting 
A = cos q~ sin(0 - 00) (40) 
B = sin ~b cos ~0 - cos ~b sin ~0 cos(0 - 00) (41) 
Q = 1 + sin ~ sin ~0 + cos ~ cos ~0 cos(0 - 00), (42) 
the derivatives for A, B, and Q can be calculated by using the expressions derived above. From 
equation (40), letting co(t) = ct + v(c~ ) (t - ta), 
A~ = -- av(c~) tan ~ cos co(t) sin(0 -- 00) + ~-~ sec q~ cos(0 -- 00) (43) 
A,  = - a2v:(cp) cos'co(t) see3 ~b sin(0 - 0o) + av2(c~) tan ~b sin co(t) sin(0 - 00) 
- av(c~) v(~O h ) tan ~ cos co(t) cos(0 - 00) seC~b 
v(_~_O h ) v~(O) +av(dp)  sin~ cos co(t) cos(0 - 00) secS~b - - -~  sin(0 - 00) secS~b. 
The third and fourth terms cancel, and using equation (23), 
h 2 -  1 
aS= h---5--, (44) 
the expression for the second derivation simplifies to 
A. = - V2c cos ~b sin(0 - 00) 
= - Vc:.4. (45) 
In a similar manner, the second derivative of  the terms B and Q may be reduced to 
Bt, = - v~ B (46) 
Qt, = - v~(Q - 1). (47) 
From the above it is seen that the computational cost of evaluating the second derivative of F( t )  
is only marginally greater than must be performed in evaluating the first derivative. 
6. GENERATION OF NEAR-MIN IMAL TRAJECTORY 
REPRESENTATIONS 
Based on the use of Newton's method, as described above, for obtaining the time of maximum 
deviation between a segment of the trajectory generator and the true stereographic projection of 
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a great circle arc, an efficient near-minimal trajectory representation may be derived by the 
following algorithm: 
1. Determine the maximum deviation F* for a trajectory segment. 
2. If F* is less than the prescribed tolerance, stop. 
3. Otherwise, create two new segments with common vertex at t*. 
4. Repeat steps 1-3 for each new segment until F* for each segment is less than 
the prescribed tolerance. 
As indicated, the algorithm always reduces the maximum deviation by inserting a vertex at t*, the 
time of occurrence of the maximum deviation. In this way, the maximum deviation can be reduced 
to any prescribed value. Ideally, the algorithm should yield a minimal representation S(n), that 
is, if S(m) is any other representation satisfying condition (4c), then m i> n. However, as the 
numerical results in the following section show, the algorithm may tend to generate conservative 
representations forcertain great circle routes, so that its behaviour is only near-minimal. Certainly 
the representation produced by the algorithm yields an upper bound for n. 
7. NUMERICAL RESULTS 
The analytical derivations described above were verified for a typical great circle route, 
Paris-Tokyo. A computer program executing single-precision arithmetic was written to calculate 
conformal atitude, conformal ongitude and the stereographic co-ordinates. Using Newton's 
method, the trajectory representation was calculated as described above. Input data consisted of 
the following values: 
R c = 3440 nmi 
v = 600 knots = 10 nmi/min 
tt = 0.01 min 
p = 4 nmi 
la~ 0 
(Oa, ~a) = ( 3°, 48°) 
(0b, ~bb)= (140 °, 36 °) 
(00, qr0) = (90 °, 0°). 
For the purposes of this analysis, a single stereographic plane was used to represent he 
co-ordinates. In actual practice, of course, several planes would be used to cover a large great circle 
route. Plots of the conformal latitude and conformal longitude, as given by equations (30) and (35) 
are shown in Figs 1 and 2. In this example, the conformal latitude increases initially, based on 
condition (28), attains its maximum, then decreases to its final value. The conformal longitude 
increases teadily, passes through 90 ° without incident, and continues monotonically to its final 
value. Figure 3 shows the corresponding ground trace as determined from equations (8). Table 1 
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1027 
Fig. 3. Great circle ground trace: Par is -Tokyo.  
shows the first steps of the trajectory representation algorithm. It is apparent that as the number 
of segments increases, the convergence ismore rapid. This is to be expected, since for large numbers 
of segments the time of maximum deviation tends to occur more nearly at the midpoint of the 
segment. Since for each segment the initial value for the Newtonian iterate is taken at the midpoint, 
fewer iterations are needed to reach the maximum when the number of segments is large. Table 2 
shows the trajectory representation produced by the algorithm. 
Table 1. Newton's method convergence: Paris-Tokyo 
Iteration T F F t F. 
1 263.140 1018.60 -0.64410 -0.02789 
2 240.048 1025.92 0.01490 -0.02921 
3 240.558 1025.93 0.00001 -0.02918 
1 120.279 283.21 -0.24369 -0.03870 
2 I 13.982 283.98 - 0.00201 - 0.03934 
3 114.033 283.97 - 0.00000 -0.03933 
1 57.016 74.91 -0.06999 -0.04597 
2 55.494 74.96 -0.00016 -0.04616 
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Table 2. Trajectory representation: Paris-Tokyo 
Segment T X Y Error 
1 0.00 -4441.76 4939.85 1.23 
2 13.61 -4185.11 4983.93 1.22 
3 27.39 -3928.98 5019.47 1.20 
4 41.37 - 3673.08 5046.66 1.20 
5 55.50 -3418.78 5065.53 1.18 
6 69.81 - 3165.34 5076.31 1.15 
7 84.36 -2912.09 5079.11 1.14 
8 99.10 -2660.36 5073.99 1.12 
9 114.03 -2410.04 5061.09 1.11 
10 129.16 -2161.33 5040.51 1.10 
11 144.49 -1914.40 5012.37 1.08 
12 160.02 - 1669.24 4976.75 1.07 
13 175.72 - 1426.60 4933.87 1.06 
14 191.61 - 1186.24 4883.77 1.04 
15 207.74 -947.41 4826.35 1.01 
16 224.07 - 711.17 4761.88 1.00 
17 240.56 -477.87 4690.54 1.01 
18 257.32 -246.16 4611.93 1.00 
19 274.28 - 17.09 4526.38 3.94 
20 308.72 431.62 4335.13 3.87 
21 343.84 867.33 4117.41 3.81 
22 379.53 1288.30 3874.23 3.77 
23 415.75 1694.15 3605.88 3.72 
24 452.39 2083.30 3313.33 3.69 
25 489.28 2454.04 2997.83 3.68 
8. SUMMARY 
A computationally stable analytical solution for the conformal atitude and conformal ongitude 
was derived for great circle routes. The accuracy of this solution is limited only by the inherent 
digital representation of the computer used to perform the calculations. This solution allows direct 
time-dependent s ereographic representation of arbitrary great circle trajectories. By allowing exact 
analytical representation of the stereographic position, the solution as presented here permits 
efficient solution of the location and magnitude of the maximum deviation between the true 
stereographic projection and a linear approximation to the stereographic position. This maximum 
deviation associates an unambiguous measure of accuracy to any linear representation S(n), and 
yields an upper bound for the required dimension n. Finally, by obtaining numerical results for 
a typical great circle route, the efficacy and computational stability of the solution were 
demonstrated. 
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